In this note, infinite series involving Fibonacci and Lucas numbers are derived by employing formulae similar to that which Roger Apéry utilized in his seminal paper proving the irrationality of ζ(3).
Introduction
In 1979 Roger Apéry published his seminal paper in which he proved the irrationality of ζ(3) = ∞ n=1 1 n 3 . In his paper, Apéry utilizes a technique that allows one to evaluate certain infinite series telescopically.
In this note, we demonstrate how Apéry's technique may be employed to evaluate infinite series involving Fibonacci and Lucas numbers; in particular of the form F n k and L n k respectively. Using Apéry-like formulae we are able to evaluate series that can be difficult to determine by other means.
To the best of the author's knowledge, Apéry's technique has not been utilized to evaluate infinite series involving Fibonacci and Lucas numbers. In addition, the results obtained in this note are also believed to be new, except for Theorem 1, which is a new proof of an old result.
Before proceeding with the results, we first examine Apéry's formula as described in Chen [1] .
For x = 0 and any sequence a k , let
Then, B k − B k+1 = a 1 a 2 . . . a k−1 (x + a 1 )(x + a 2 ) . . . (x + a k ) Due to telescoping, we find that:
a 1 a 2 . . . a k−1 (x + a 1 )(x + a 2 ) . . . (x + a k ) = 1 x − a 1 a 2 . . . a n x(x + a 1 )(x + a 2 ) . . . (x + a n )
Preliminaries
By modifying Apéry's formula we are able to obtain closed form evaluations for a number of series involving Fibonacci and Lucas numbers.
But first let us establish the following notation for Binet forms of the Fibonacci and Lucas numbers:
and F n , L n are the n-th Fibonacci and Lucas number respectively.
In addition, we will need the following lemmas.
This lemma can be found as Exercise 49 on page 97 of Koshy [4] , and may be verified using Binet's formula for the Fibonacci and Lucas numbers.
Lemma 2. For m > 0 and n ≥ 1,
Proof. Using the well known identity: F 2nm = F nm L nm we find that:
Repeating this process it becomes clear that:
Lemma 3. For any positive integers q and m,
Proof. Only proof of (3) will be given, (4) follows an almost identical procedure.
Case 1: q odd
If q is odd then (−1) jq = (−1) j . In addition, from Binet's formulae for the Fibonacci and Lucas numbers, along with the formula for the finite Geometric Series, we have:
If q is even then (−1) jq = 1.
Therefore, we find that:
As an interesting side note, by Lemma 3 we have:
So that for positive integers l and m,
and,
The following lemma is a generalization of two identities of Usiskin [7] , [8] ; who proposed them as problems in the Fibonacci Quarterly in 1974. In [2] Filipponi also achieved similar results to those presented here. In fact his Proposition 2 (presented here as Lemma 7) is equivalent to (5) . Although, to the best of the author's knowledge equation (6) is a novel result.
Lemma 4. For odd p, F p n and L p n may be written as:
Proof. Using (3) and (4) from Lemma 3 we are able to prove Lemma 4. We proceed by induction on n.
Base Case: n = 1
where we have used (3) with q = 1.
Induction
Step:
Assume that,
We now prove that (5) holds for n + 1.
That is,
where we have used (3) with q = (2m + 1) n .
This concludes the proof of equation (5), the proof of equation (6) proceeds in a nearly identical fashion.
The following four lemmas are due to Filipponi, and can found in [2] ; as a result, they are presented without proof. Although it is not too difficult to see that the proofs of Lemmas 5-8 follow closely to that of Lemma 4 , in that heavy use is made of both Binet's formulae for the Fibonacci and Lucas numbers as well as the formula for the finite geometric series.
Lemma 5. For even p; and n, m ≥ 1,
Lemma 6. For odd p, even m and n ≥ 1,
Lemma 7. For odd p, and n ≥ 1,
Lemma 8. For even p and n ≥ 2,
Results
In 1974 D.A. Millin [6] proposed a problem in The Fibonacci Quarterly regarding the series of reciprocal Fibonacci numbers of the form F 2 n (coincidentally in the same issue that Usiskin's problems appeared). Millin's proposal stimulated significant interest in the series, which led to the publication of numerous proofs and generalizations (see [3] and [5] for more information and references).
For the first theorem, a new proof of Millin's Series is given using an Apéry-like formula.
Proof. Let,
By subtracting B n+1 from B n we observe that:
Setting n = 2 n in Lemma 1 we obtain:
Note that we are not able to begin B n at (1 + α 2 ) −1 since the above altered form of Lemma 1 does not hold for n = 0.
By Lemma 1, we now find that (12) becomes:
Then by cancellation and Lemma 2 we obtain:
Using this information, we are now able to evaluate Millin's series telescopically.
In other words,
Since Millin's series begins the sum at n = 0, we must add the missing terms.
In the end we find that:
Theorem 2. For any positive integer m, and a > 0,
Then subtracting B n+1 from B n and employing Lemma 2 gives,
Once again, taking advantage of the telescoping, we acquire:
Although since we know the closed form for Millin's Series, we may split up the summand to obtain,
Theorem 3. For any positive integer m,
Then,
Therefore,
as desired.
Remark 3. As a specific example, let m = 1.
We then have,
where we have used the identity L 2 n = L 2n + 2(−1) n [4, page 97].
In addition, by splitting up the summand of sum on the left side of (18), we achieve a series representation for the series of reciprocal Fibonacci numbers F 3 n . Namely,
More generally, for all odd m (17) becomes:
Therefore for all Fibonacci numbers of the form F 4m+3 ,
For instance,
Theorem 4. For any positive integer m,
Proof. In the interest of brevity, a full proof of Theorem 4 will be omitted, as it follows the same method of proof as Theorem 3, except for the use of (6) of Lemma 4 instead of (5).
Remark 4. To illustrate (22) with a particular case, let m = 1.
We obtain the series:
Proof. Setting q = 2 n in Lemma 3 returns:
Then, setting B n to:
we have for B 0 ,
In addition, by subtracting B n+1 from B n produces:
which by (25) gives:
Thus,
Remark 5. As an example of a specific case, let m = 1.
This gives,
Theorem 6. For even p and m ≥ 1,
Proof. As before, let
As a result, subtracting B n+1 from B n we obtain,
k=1 L (2k−1)mp j which by Lemma 5 gives:
Therefore, we have:
which becomes (27) after both sides are divided by F mp .
Remark 6. Just as Theorem 3 provides us with a series representation for reciprocal Fibonacci numbers of the form F 4m+3 , we are now able to give a series representation for the reciprocals of even indexed Fibonacci numbers.
Namely, even p and m ≥ 1,
Theorem 7. For odd p and even m,
Proof. A proof of Theorem 7 will be omitted since it follows the same steps as Theorem 6, except for the use of Lemma 6 instead of Lemma 5.
Remark 7. To demonstrate (31), let p = 5 and m = 4. We then have,
Then utilizing Lemma 7, we have:
which after summation produces (33).
Remark 8.
As an example of (33), for p = 3 we have:
Theorem 9. For even p,
we then have:
which by Lemma 8 gives,
Once again, by carrying out the summation, we find that:
Remark 9. To demonstrate (36), let p = 2.
We then have:
Closing Remarks. The aim of this paper was to demonstrate how Apéry-like formulae may be employed to derive certain infinite series involving Fibonacci and Lucas numbers. While this method is not well suited for all series of this type, it provides us with another useful tool to be used in the evaluation of series involving Fibonacci and Lucas numbers. In addition, over the course of this paper we have restricted ourselves to examining series involving Fibonacci and Lucas numbers of the form F p k and L p k . This due to the fact that terms of this form usually yield "clean" looking summands. That being said, these are not the only series that may be evaluated using Apéry-like formulae. Series of other types may also considered, although they may not always return such pretty results.
Lastly, the techniques employed in this paper should yield similar dividends when applied to more general recursively-defined sequences, such as the Generalized Fibonacci Sequences U n and V n .
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